We investigate the Born-Infeld-anti-de Sitter black hole (BIAdS) solutions in the four dimensions, which is a nonlinear generalization of the Reissner-Norström-AdS black hole (RNAdS). We analyze all thermodynamic quantities of the BIAdS in the canonical ensembles, which are characterized by the charge Q, the mass M , the nonlinear parameter b, comparing with those of the RNAdS and SchwarzschildAdS black hole. We find the forbidden region of 0 ≤ bQ < 0.5 for the presence of a charged BIAdS. We also discuss the Hawking-Page phase transitions in the BIAdS black holes. Here we obtain a new Hawking-Page phase transition for the bQ = 0.5 critical BIAdS.
Introduction
Since Born and Infeld (BI) proposed a nonlinear electrodynamics [1] , BI action has received renewed attention in string theory [2, 3, 4] . For various motivations, extending the Reissner-Nordström black hole (RNAdS) in Einstein-Maxwell theory to the charged black hole solutions in Einstein-BornInfeld (EBI) theory has attracted much attention in recent years, for example, see [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15] . In particular, Einstein gravity in (2+1) dimensions [16, 17, 18] has been intensively studied because of the existence of black holes solutions in (2+1)-dimensional anti-de Sitter (AdS) spacetimes [19, 20, 21, 22] , which possess certain features inherent to the (3+1)-dimensional black holes. Recently, we have systematically obtained all thermodynamic quantities of the EBI black holes in three dimensions by comparing those of the Maxwell and BTZ black holes [23] . These are all between non-rotating uncharged black hole (NBTZ) and charged black hole (CBTZ) [24] . This result in 3D EBI black holes (BIBTZ) may provide new insights towards a better understanding of the (3+1)-dimensional BornInfeld-anti-de Sitter black holes (BIAdS), whose thermodynamic analysis is regarded as a nontrivial task to carry out completely [13, 14] .
On the other hand, since the pioneering work of Hawking-Page on the phase transition between thermal AdS and AdS black hole in four dimensions [25] , the research of the black hole thermodynamics has greatly improved additionally suggesting that there may exist a different phase transition between small and large black holes (HP1) in the RNAdS for a fixed charge Q < Q c [26, 27, 28] and AdS Gauss-Bonnet black holes [29, 30, 31, 32] . In contrast, in the conventional Hawking-Page phase transition (HP2), one generally starts with thermal radiation in AdS space appearing an unstable small black hole with negative heat capacity. Then, since the heat capacity changes from negative infinity to positive infinity at the minimum temperature, the large black hole with positive heat capacity finally comes out as a stable object. There is a change of the dominance at the critical temperature: from thermal radiation to black hole [25] .
In this paper, we address these issues for the BIAdS, which is a nonlinear generalization of the RNAdS. We completely analyze all thermodynamic quantities of the BIAdS in the canonical ensemble, which is characterized by charge Q, mass M, and the nonlinear parameter b. Note that the work of the BIAdS in the grand canonical ensemble was carried out in Ref. [14] . Moreover, we obtain a new type of the Hawking-Page phase transition (HP3) in the BIAdS black holes, which has been still not observed in the previous works [25, 26, 27, 28, 29, 30, 33, 34, 35] .
The organization of this work is as follows. In Sec. 2, we carefully analyze the possible BIAdS black hole solutions, which are classified by the charge Q and the nonlinear parameter b. In Sec. 3, we investigate all thermodynamic properties of the allowed BIAdS as a nonlinear realization of the RNAdS. In Sec. 4, we present a new phase transition in the BIAdS black holes. We summarize and discuss our results in Sec. 5. In Appendix, we derive the free energy using the Euclidean action approach.
Structure of BIAdS black holes
Now, let us consider a (3+1)-dimensional gravity coupled with nonlinear electrodynamics known as the BIAdS action [13, 33, 34] 
where
with F ≡ F µν F µν /4. Here, the constant b is the Born-Infeld parameter, which is related to the string tension α ′ as b = 1/(2πα ′ ), and Λ = −3/l 2 is the cosmological constant. Hereafter we choose G = 1 for simplicity. Note that this Lagrangian reduces to the RNAdS one in the limit b 2 → ∞. By solving the equations of motion for the gauge field A µ and the gravitational field g µν , the BIAdS black hole solutions [13, 33, 34] can be written as
Here, the metric function f (r) is given by
where F is a hypergeometric function [39] , and only non-zero component with the electric charge Q is given by F 01 = −E = −Q/ r 4 + Q 2 /b 2 . Hereafter we only consider Q ≥ 0 and b ≥ 0 without any loss of generality. At this stage we note two limiting cases as guided black holes to study the BIAdS black holes. In the limit Q → 0, f (r) reduces to the Schwarzschild-anti de Sitter black hole (SAdS) case, while in the limit b → ∞ and Q = 0, f (r) reduces to the RNAdS case. However, the BIAdS should have the main feature of the RNAdS: two horizons r ± and extremal black hole because the BIAdS is a nonlinear generalization of the RNAdS. This implies that the SAdS with single horizon does not belong to the category of the RNAdS and thus it should be disconnected to the BIAdS.
On the other hand, the ADM mass M defined by f (r) = 0 is given by
with the outer horizon r = r + . In order to describe the BIAdS with Q = 0 and b = 0, which is the generalization of the RNAdS, we first have to know the extremal BIAdS. In this case, both f (r) and
have to be zero at the degenerate horizon. Such conditions will lead to the equation
The solution is given by
Then, we require the condition bQ ≥ 0.5 in order to have a real root for r 2 e . Note that r 2 e = 0 for bQ = 0.5, while r 2 e reduces to the RNAdS in the limit b → ∞. On the other hand, for 0 ≤ bQ < 0.5, we could not find the extremal BIAdS. Hence, we call this as the forbidden region for the BIAdS. As a result, we propose that the meaningful parameter space for the BIAdS is not the whole, but 0.5 ≤ bQ ≤ ∞.
We call the lower bound as the critical BIAdS and the upper bound of b → ∞ as the RNAdS. This lower bound could be understood from the fact that the presence of b leads to the screening effects on the electric field E, and thus makes the role of charge less important. Hence, for 0 ≤ bQ < 0.5, any charged black hole does not exist. Next, for the case of bQ ≥ 0.5, the mass of the extremal black hole is given by M e ≡ M(r e , Q, b),
which reduces to the well-known RNAdS case in the limit of b → ∞. As is shown in Fig. 1 , when b increases (b = 0.5 → 1 → ∞), the dotted forbidden regions (FR) are getting narrow and narrow while naked singularity regions (NS) are increasing wide and wide. Let us discuss the behavior of mass as a function of horizon radius r = r ± . First, we consider the case of bQ > 0.5. If M > M e , then there will be two horizons: the inner r − and outer r + . For M = M e there will be a degenerate horizon of r − = r + = r e . If M < M e , there are no horizons as shown in Fig.  2 , and it will yield a naked singularity. Second, in the case of bQ = 0.5, r e = 0 is the extremal point and for M > M e , one has one horizon r + only. Finally, there exists a dotted forbidden region described by 0 ≤ bQ < 0.5 including the SAdS, which can not be allowed for the BIAdS having the limiting case of the RNAdS. This can be easily checked by expanding M(r + , Q, b) in series near r + = 0 as
with
This shows clearly that there exists a non-zero mass M 0 depending on b, Q even at r + = 0. In fact, M 0 is hard to be interpreted as the mass of a black hole. Therefore, for the case of 0 ≤ bQ < 0.5 (the positive slop of linear term), we could not obtain the BIAdS black hole solution having the extremal configuration. However, for the case of bQ > 0.5, the slop of the linear term is negative, explaining how the extremal configurations could be being developed. For the case of bQ = 0.5, the linear term disappears and its case is marginal. 
Thermodynamics of BIAdS black holes
We note that in the limit Q → 0, T H reduces to the SAdS case, while in the limit of b → ∞ and Q = 0, T H reduces to the well-known RNAdS case. Then, using the Eqs. (5) and (12), the heat capacity C(r + , Q, b) = (dM/dT H ) Q for a fixed-charge is obtained to be 
+ 2Q
Here, we choose the extremal black hole as background because we are working with the fixed-charge Q ensemble [26] . In order to prove the correctness of free energy, F will be derived from the Euclidean action approach in the Appendix. Also, the free energy (14) may be obtained using the 2-dimensional dilaton gravity through the dimensional reduction [36, 37, 38, 23] . Note that in the limit Q → 0, the heat capacity C and free energy F reduce to the SAdS case as
where C SAdS blows up at r 0 = l/ √ 3 and F SAdS = 0 for r + = 0, l. In the limit of b 2 → ∞, these reduce to the well-known RNAdS case as follows:
The global features of the Hawking temperature depending on the parameter b are shown in Fig. 3 . It seems to be a combination of the RN and Schwarzschild black holes in the AdS space for the cases of b ≥ 0.5. Here we observe the local minimum T H = T 0 at r + = r 0 (the feature of the SAdS black hole), and the maximum value T H = T m at r + = r m and T H = 0 at r + = r e (the feature of the RN black hole). In addition, the position r + = r e having the extremal temperature T H = 0 is being shifted to zero when b decreases from b → ∞ (RNAdS) to b = 1 (BIAdS), and then to b = 0.5 (BIAdS). This implies that the nonlinear effects of the BI action make the extremal position close to zero, similar to the BIBTZ in three dimensions [23] .
The graphs of the heat capacity depending on the parameter b are shown in Fig. 4 . For the SAdS case of Q = 0, we have the typical form of heat capacity, showing the change from −∞ to ∞ at the minimum temperature point of r 0 = l/ √ 3. Hence, this case has simply two phases of negative and positive heat capacities. On the other hand, for the BIAdS case of bQ ≥ 0.5, we have the RNAdS-type heat capacities with two discontinuities at r + = r m , r 0 corresponding to the solution of (dT H /dr + ) Q = 0 and zero at r + = r e related to the solution of T H = 0. In particular, for r e < r + < r m , the black hole is locally stable because of C > 0 while for r m < r + < r 0 , it is locally unstable (C < 0). For r + > r 0 , the black hole becomes stable because of C > 0. As a result, we observe that C = 0 at r + = r e , and it blows up at r + = r m , r 0 . Based on the local stability, we introduce the stable small black hole (SBH + ) with C > 0 being in the region of r e < r + < r m , the unstable intermediate black hole (IBH − ) with C < 0 in the region of r m < r + < r 0 , and the stable large black hole (LBH + ) with C > 0 in the region of r + > r 0 .
Phase transitions in BIAdS black holes
As is well-known, the free energy plays a crucial role to test the phase transition. The global features of the on-shell free energy depend on the parameter b. We find that the nonlinear generalization with bQ ≥ 0.5 of the EinsteinMaxwell theory does not change the thermodynamic stability in the canonical ensemble. That is, the cases of b = 0.5, 1.0 could not make the free energy lower than the RNAdS with b → ∞ in contrast to the case of the grand canonical ensemble [14] , which states that the BIAdS is thermodynamically preferred (stable) over the RNAdS. This is mainly because we choose the extremal black hole as the ground state in the canonical ensemble [26] . The only change is shifting of extremal points toward the origin as b decreases.
In order to investigate what kinds of the Hawking-Page phase transition are possible to occur in the BIAdS, we have to study the off-shell process of the growth of a black hole. For this purpose, we introduce the off-shell free energy as follows
with the external temperature T of heat reservoir. We describe the phase transitions by considering four cases: Q = 0 SAdS, bQ = 0.5 critical BIAdS, bQ = 1 BIAdS, b → ∞ RNAdS. We newly classify the Hawking-Page phase transitions according to the previous works [27, 30] .
Q = 0 SAdS black hole (HP2)
A Schwarzschild-AdS black hole (SAdS) is globally stable only when C > 0 and F < 0. We observe that the free energy is maximum at r 0 = l/ √ 3 and zero at r c = l as shown in Fig. 5 . For r + > r c , one finds negative free energy. The temperatures correspond to minimum T 0 = T SAdS H (r 0 ) and T c = T SAdS H (r c ), respectively. Using the off-shell free energy
we find the phase transition. For T = T 3 , the process of phase transition is shown in Fig. 5 . In this case, one generally starts with thermal radiation (r + = 0) in AdS space appearing an unstable small black hole (SBH − ) at r + = (r u ) = F SAdS of f (r u , T 3 )) with negative heat capacity. Here SBH − denotes the unstable small black hole with C < 0 and F > 0. Then, since the heat capacity changes from negative infinity to positive infinity at r + = r 0 (see Fig. 4-a) , the large black hole (LBH + ) with C > 0 finally comes out as a stable object at r + = r s (solution to F SAdS (r s ) = F SAdS of f (r s , T 3 )). Here LBH + denotes the stable large black hole with C > 0 and F < 0. Actually, there is a change of the dominance at the critical temperature T c : from thermal radiation to black hole [25] . This is called the conventional Hawking-Page phase transition (HP2): AdS → SBH − → LBH + . For the T = T 1 , T 2 (< T c ) cases, the free energy of AdS space F SAdS (0) = 0 is the lowest one, while for the T = T 3 (> T c ) case, the lowest one is the negative free energy F SAdS (r s ) of the large black hole.
bQ = 0.5 critical BIAdS black hole (HP3)
Here we discuss the critical BIAdS case with bQ = 0.5 as a new phase transition. From Fig. 6 , the local minimum F = F min is at r + = r m , the maximum value F = F max is at r + = r 0 , and F = 0 at r + = r e (= 0) and r f . The negative free energy decreases in the range of r e < r + < r m , and then it increases in the region of r m < r + < r 0 . For r + > r 0 , the positive free energy again decreases to zero at r + = r f , and finally becomes negative for r + > r f . On the other hand, from Fig. 4 -b, we find the change of the heat capacity: C = 0 at r e = 0; C > 0 for 0 < r + < r m ; C < 0 for r m < r + < r 0 ; C > 0 for r + > r 0 . Here, we define the extremal black hole (EBH 0 ) at r + = r e with T H = C = F = 0. From Fig. 6 , we can propose a new type of the Hawking-Page phase transition (HP3). In this case, the critical temperature T = T c is derived from the condition of F of f (r s , 1, T c ) = F of f (r l , 1, T c ), which means that the free energy of SBH + at r + = r s is equal to free energy of LBH + at r + = r l . Here we distinguish SBH + with SBH − : the former is a stable small black hole with C > 0, F < 0, while the latter is unstable small black hole with C < 0, F > 0. Then we expect that a HP3 occurs between EBH 0 and LBH + through SBH − and IBH − for T m < T < T c . Here IBH − represents the unstable intermediate black hole with C < 0, F > 0. All of SBH + , IBH − , and LBH + are the saddle points as the solutions to F = F of f . Particularly, we choose T 2 = 0.03 for a transition temperature of the HP3. This transition consists of three processes: EBH 0 → SBH + → IBH − → LBH + . We have global stabilities for SBH + and LBH + because of their free energies are negative and heat capacities are positive. However, the IBH − remains unstable. It may play a role of a mediator for HP3 as a SBH − in HP2 because of C < 0 and F > 0. Here we observe that the dominance of system is changed from SBH + to LBH + at T = T c , called the critical temperature of HP3. For T < T c , the free energy of SBH + is the lowest one, while for T > T c , the lowest free energy is for the LBH + .
It seems appropriate to comment on T = T f , which may be considered as the critical temperature. However, this shows the unwanted sequence of F of f (r s ) < F of f (r e ) = F of f (r l )(= 0) < F of f (r i ), which implies that the transition from EBH 0 to LBH + unlikely occurs because the free energy of SBH + is the lowest one. Hence, we should choose T = T c , which shows the desired sequence of F of f (r s ) = F of f (r l ) < F of f (r e )(= 0) < F of f (r i ). This case implies that a new type of the Hawking-Page phase transition from EBH 0 to LBH + is possible to occur.
bQ = 1 BIAdS black holes (HP1)
Now, let us discuss the BIAdS case with bQ = 1. From Fig. 7 , the local minimum F = F min is at r + = r m and the maximum value F = F max is at r + = r 0 . The free energy is negative for r e < r + < r m and it increases in the region of r m < r + < r 0 . For r + > r 0 , it decreases to zero at r + = r f and becomes negative for r + > r f . On the other hand, from Fig. 4 -c, we find the change of heat capacity: C = 0 at r + = r e = 0; C > 0 for 0 < r + < r m ; C < 0 for r m < r + < r 0 ; C > 0 for r + > r 0 . From Fig. 7 , we can propose another phase transition (HP1) [27, 30] . Here the off-shell free energies always start with the nonzero values at r + = r e because of S BH (r e ) = 0. This contrasts to the critical BIAdS. In this case, the critical temperature T = T c is derived from the condition of F of f (r s , 1, T c ) = F of f (r l , 1, T c ), which means that the free energy of SBH + at r + = r s is equal to free energy of LBH + at r + = r l . Then we expect that a HP1 occurs between SBH + and LBH + through IBH − for T m < T < T c . Particularly, we choose T 2 = 0.03 for a transition temperature of the HP1. This transition consists of two processes: SBH + → IBH − → LBH + . We have global stabilities for SBH + and LBH + because of their free energies are negative and heat capacities are positive. However, the IBH − remains an unstable mediator for HP1. Here we observe that the dominance of system is changed from SBH + to LBH + at T = T c , called the critical temperature of HP1. For T < T c , the free energy of SBH + is the lowest one, while for T > T c , the lowest free energy is for the LBH + .
b → ∞ BIAdS black hole (RNAdS:HP1)
This case is similar to the bQ = 1 BIAdS case. There is a phase transition like HP1: SBH + → IBH − → LBH + because of r RN AdS e = 0 [28] . This occurs for the case of Q < Q c in the canonical ensemble of the RNAdS. For the case of Q ≥ Q c , the transitions are not allowed in the RNAdS as the limiting case of the BIAdS [26] .
Summary and discussions
In summary, we have considered the four dimensional BIAdS, which is the nonlinear generalization having the limiting case of the RNAdS. We have carefully analyzed all possible BIAdS black hole solutions, which depend on the charge Q and the nonlinear parameter b with the reality condition bQ ≥ 0.5. Then, we have obtained all thermodynamic properties of the possible BIAdS comparing with those of the Reissner-Norström-AdS and Schwarzschild-AdS black holes.
Moreover, we have obtained possible Hawking-Page phase transitions in the BIAdS black holes through the analysis of the off-shell process of the growth of a black hole by introducing the off-shell free energy. The first one is HP2 of AdS → SBH − → LBH + , which belongs to the conventional Hawking-Page phase transition in the Schwarzschild-AdS black holes. For the critical BIAdS, we have found a new phase transition (HP3) through the process of EBH 0 → SBH + → IBH − → LBH + . This is similar to the phase transition in the non-rotating BTZ black hole (NBTZ) of EBH 0 → NBTZ + in three dimensions [40] . The difference is the number of different phases: single phase for the NBTZ and three phases for the case of the bQ = 0.5 critical BIAdS. The phase transition for the case of the bQ > 0.5 BIAdS is HP1, which shows the transition between SBH + and LBH + as SBH + → IBH − → LBH + . For the RNAdS, which is the b → ∞ BIAdS, one has the similar phase transition like HP1.
At this stage, let us discuss whether the HP1 is really possible to occur because this is the phase transition between two globally stable objects (SBH + and LBH + ). It was reported that the HP1 is unlikely to occur in the RNAdS [28] . This is because the maximum temperature of T = T m is present at the Davies' point of r + = r m [41] . Whether the phase transition at r + = r m is possible or not is a long-standing issue to be resolved [42, 43, 44] . The presence of maximum temperature gives rises to a stable small black hole of SBH + . If the transition between SBH + and IBH − is not possible, two transitions of HP3 and HP1 except HP2 are unlikely possible to occur. In this work, we have discussed all phase transitions by assuming that the phase transition between SBH + and IBH − is likely to occur. Now we ask whether the case of bQ = 0.5 BIAdS is really a critical point for the transition to the Schwarzschild-AdS black holes. As was pointed out previously, it is not the case because the BI action (BIAdS) is a nonlinear generalization of Maxwell theory (RNAdS). The key point of the RNAdS is that it has an extremal point of zero temperature when compared with the SAdS. Hence, we insist that discussing the transition to the SAdS is irrelevant to the BIAdS.
Finally, we discuss the implications of our results to the string theory. According to the AdS/CFT correspondence, the Hawking-Page phase transition of HP2 corresponds to the confining-deconfining phase transition on the CFT side [45] . Because the BI action is related to the string theory when choosing b = 1/2πα ′ , the phase transitions of HP3 and HP1 could be applied to explore the presumed transitions in the CFT. 
Appendix: Free energy from the Euclidean action approach
In the appendix, we derive the free energy in Eq. (14) from the Euclidean action approach [26, 14] . In general, there are two approaches: the grand canonical thermodynamic ensemble for the fixed-potential and canonical thermodynamic ensemble for the fixed-charge. For the AdS space, the background consists of both charged and uncharged quanta free to fluctuate in the presence of fixed-potential Φ. In the case of grand canonical ensemble at fixedtemperature and fixed-potential, the relevant thermodynamic potential is the Gibbs free energy defined by W = M −T H S BH −ΦQ. The proper free energy for the fixed-potential was derived in Ref. [14] .
On the other hand, for the fixed-charge Q, the AdS space with a fixedcharge is not a solution to the BIAdS equations. In this case, in order to keep the fixed-charge, we use the extremal black hole with the mass M e as the background and retain only uncharged (neutral) quanta in the heat reservoir. Here, the relevant quantity is the Helmholtz free energy defined by
In this appendix, we derive the desired free energy for the fixed-charge from the Euclidean action approach. In order to compute the free energy for the case of a fixed-charge Q canonical ensemble, let us consider the Euclidean action
Here I b is the Euclidean version (bulk term) of S 0 in Eq. (1), while the remaining terms are all boundary terms. These boundary terms except I e fall into two classes: boundary terms I GHY and I s , which are required to get the correct boundary value problem, belong to type I, while counter-term I c , which is required to get the correct variational principle, belongs to type II. Among boundary terms, I GHY is the Gibbons-Hawking-York term
where K is the trace of extrinsic curvature. When the space is asymptotically AdS, I GHY gives a vanishing contribution [26] . Upon variation of the gauge field, the boundary terms from the gauge field will vanish if one keeps the potential A t (∞) = Φ fixed. However, if we wish to keep the charge fixed, we must add a boundary surface term
where h ij is the induced metric on the boundary at r = r B and n µ is a radial unit vector pointing outwards. The counter term I c = I AdS = −(Λ/8πG)
action of the pure AdS space, which is necessary to regularize the divergence on the boundary at infinity. This is the standard AdS counter term. The last term I e is necessary to have the action for the fixed-charge ensemble, using the extremal black hole as the background. In order to compute the action, we evaluate I b + I GHY + I s − I c for a black hole of mass M > M e and then subtract the contribution from the extremal background. This is because the ground state of the BIAdS for the fixed-charge is not the AdS space but the extremal black hole defined by the thermal condition of T H = 0, C = 0, F = 0. The extremal black hole is considered as a small, stable remnant against evaporating process via the Hawking radiation. Hence, we may consider I c (I e ) the IR (UV) counter-terms to have a proper, thermodynamic system. up to r −4 after some approximations. Finally, the background term of extremal black hole takes the form
Here M e is given by Eq. (9) . By carefully matching the geometries of the AdS space and the black hole in the asymptotic region and sending r B to infinity, the desired result for the Euclidean-Born-Infeld action can be obtained as 
In deriving this expression, we have used the condition of f (r + ) = 0. As a check, we recover that in the limit of b → ∞, the above action reduces to the Euclidean action for the RNAdS case [26] as 
Since the free energy is given by F = I E /β with ω = 4π, G = 1, I E leads to the free energy (14) in the canonical ensemble. Hence we exactly derive the free energy which was used to discuss the whole phase transitions in the text.
